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EXISTENCE AND ASYMPTOTIC BEHAVIOR
FOR A SINGULAR PARABOLIC EQUATION

JUAN DAVILA AND MARCELO MONTENEGRO

ABSTRACT. We prove global existence of nonnegative solutions to the singular
parabolic equation ut —Au+X {40} (—u=P +Af(u)) = 0 in a smooth bounded
domain Q@ C RY with zero Dirichlet boundary condition and initial condition
up € C(Q), up > 0. In some cases we are also able to treat ug € L>°(2). Then
we show that if the stationary problem admits no solution which is positive
a.e., then the solutions of the parabolic problem must vanish in finite time, a
phenomenon called “quenching”. We also establish a converse of this fact and
study the solutions with a positive initial condition that leads to uniqueness
on an appropriate class of functions.

1. INTRODUCTION

In this paper we are concerned with nonnegative solutions to the singular para-
bolic problem

ue — Au+ Xqusopg(u) = in 2 (0,7),
(P) u(z, t) on 002 x (0,7,
u(z,0) = up(z) in Q,

0
0

where 0 < T < 00 or T = oo and © € RY is a bounded smooth domain. The
nonlinearity g(u) is singular at v = 0 and is defined by

g(u) = u™" = f(u),
where 0 < 8 < 1 and f:[0,00) — [0, 00) satisfies

(1) f>0is C%in [0,00)
and
(2) flu) <C(14+u) Yu>0,

where C' > 0 is a constant. We denote the characteristic function of the set {x €
Q| u(x) > 0} by X1u>03 and we tacitly assume X ,>039(u) = 0 whenever u = 0.
Equation (P)) is a limiting situation of models describing enzymatic kinetics
IB] and in the Langmuir-Hinshelwood model of heterogeneous chemical catalyst
kinetics |Al; see also [D]. It has been studied already in |[DLL [FLV], [FH, [FK], [L|
P]. These authors have addressed questions about existence and the qualitative
behavior of these solutions. The most striking phenomenon that can occur under
some circumstances is that, even starting with a positive initial condition, a solution
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may vanish in finite time. This behavior is called “quenching” and was first observed
in the pioneering paper [K].

The main novelty is that our problem has zero Dirichlet boundary condition
which introduces new difficulties. We are concerned with the existence of a solution
and we study its regularity and asymptotics as ¢ — oo. Another difference with
the previous works is the nonlinearity f(u). In general the uniqueness of solutions
still remains open. However, we are able to obtain uniqueness in a particular class
of positive solutions.

We adopt the following definition of a solution to (@). Let T > 0 and ug €
L>(Q), up > 0. By a solution of (P) we mean a function u € L>®(Q2 x (0,7)),
u > 0 such that

(3) X{u>0}g(u) € LI(Q X (Oa T))
and
(4) [ wapt)de+ / [ o1+ 80 = xusarg(wp drde =0

for every ¢ € C?(Q x [0,T]) with ¢ = 0 on 9Q x (0,T) and ¢(T) = 0 in .

A global solution in (0, 00) is a function u > 0 such that u € L*>(Q x (0,T")) for
all T > 0 and satisfies (3]) and (#) for every T > 0.

We show that a solution to ([P) exists by considering the perturbed parabolic
problem (F):

u; — Au® + g (u®) =0 in Q x (0,7,
(P.) u(z,t) =0 on 90 x (0,T),
u®(x,0) = ug(x) in Q,

where, for £ > 0,
U

5 u) = —————= — f(u).
5) 02(0) = oy sy — S

Standard results for semilinear parabolic equations guarantee that for any initial
condition ug € L®(), ug > 0 there is a unique solution u¢ € L>®(Q2 x (0,T)) of
(P)); see [LSU]. Moreover, u¢ is C* by [LSUJ and positive in 2 x (0,7). We manage
to pass the limit u® — u as ¢ — 0 and show that u is a genuine solution of (P);
this is the content of our main result.

Theorem 1.1. Let up € L*(Q), ug > 0 and assume [@) and @). Then the
solution u® of ([P) converges uniformly on compact subsets of @ x (0,T] ase — 0
to a function

u = lim u®.

E—

If, moreover, ug € C(QY), then u € C(Q2 x [0,T]) and u is a solution of the problem

(@) in the sense of B)-@).

Remark 1.2. In Theorem [T one can replace the assumption ug € C(Q2) by weaker
ones and still deduce that u = ghg(l) u® is a solution to (P) in the sense of (B)—(@).
Here are two such conditions:
i) wo satisfies ug > ¢6” for some ¢ > 0 and 1 < v < ﬁ, where § stands for
the distance function to the boundary

(6) §(x) = dist(z, 09),
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or
i) wo can be approximated from below by nonnegative continuous functions,
that is, there exists a sequence (u)) in C(€) such that 0 < ) < uo and
ué — up a.e.
If, merely, ug € L (), ug > 0, we deduce that (3] still holds and that

T
/QU(TMT) dz + /T /Q(wt + Ap)u — X{us0y9(w)pdr dt =0

for every 7 > 0 and all ¢ € C%(Q x [0,7T]) with ¢ = 0 on 92 x (0,T) and p(T) =
0 in ©. These statements are proved in Section @ This means that u satisfies
ug — Au+ X{u>0y9(w) = 01in Q x (0,T), and u = 0 in 9 x (0,T), but it remains
an open question whether it satisfies the initial condition.

The core idea to prove Theorem [[LTlis to obtain uniform estimates for u® which
are independent of . This approach was employed by Phillips [P] for a similar
parabolic problem posed in RY with a compactly supported initial data or on a
bounded domain with positive boundary data. Our estimate in space is inspired
by the one in [P] but it is more involved because of the zero Dirichlet boundary
condition; see Section[Z. The estimate in time is obtained using a scaling argument,
used in [DMI] also, which allows us to obtain optimal Holder regularity in time.
This can be seen clearly in [FK2] where they treat a problem related to ours. As a
byproduct of these estimates we obtain

Theorem 1.3. Let ug € L>(Q), ug > 0 and assume (@) and [@). Then u® satisfies:
forany 0 <7 < T and Q' CC Q there exists C such that

(7) [uf (z,t) — uf(x,s)] < CJt —s|Y/AP) Vo e Q' Vi, se (r,T)
and
(8) Vs (2, 8) — Ve (y, )] < Cla —y[ 775 Va,y €, Ve e (r,T),

where C'is independent of €. If, moreover, ug € C?(2), then one can replace (1,T)
with [0,T) in the above estimates. The limit u = lim u® also satisfies estimates ()

e—0
and &).

Next we point out some connections of problem () with its stationary version.
In dealing with the elliptic problem it is convenient to replace the nonlinearity f(u)
by Af(u) where A > 0 is a parameter. Thus we consider

—Au = Xgusop (—u + Af(w)  inQ,

(E) u>0 in Q,
u=0 on ON.
From now on we assume that f satisfies (IJ) and is
(9) concave, increasing and lim fw) =0.
U— 00 u

We say that a function u € L>(Q), u > 0 is a solution of (E) if x{u>0y9(u) € L* ()
and

/Q Ul = X{u>0y9(u)p =0
for all ¢ € C?(Q2) with ¢ = 0 on 9.
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Under these hypotheses in [DMI1] we proved the following result.

Theorem 1.4. Assume and @). Then for any X > 0, problem (El) possesses
a unique mazimal solution uy. Moreover, there exists a dividing value \* € (0, 00)
such that for X > X\* the mazximal solution uy is positive in S, while for 0 < A < A\*
the set {uyx = 0} has positive measure and thus uy possesses a free boundary.

If A > \* one has in fact ad < uy < b in Q whgre a, b are positive constants.
By a result in [GL] we conclude that uy € C'=#(Q) for A > A\*. For 0 < A < \*

the maximal solution wuy has optimal regularity Cl’%(ﬁ) (see [DMI], Dal]). We
also prove in [DMI] that for A = A* the maximal solution is positive a.e. and there
are examples in [DM2] showing that it can vanish at some points inside Q. But for
0 < X < A\* all solutions of ([E) must vanish on a set of positive measure.

Regarding the asymptotic behavior of solutions to (P) we are motivated by a
result in [FLV] that says that every accumulation point of the orbit u(t) of a solution
to (B is a solution of the stationary problem. Although the result in [FLV] was
established for a problem with a positive boundary condition it still holds in our
context.

Proposition 1.5. Assume that f satisfies () and [@). Let ug € L>®(2), ug > 0,
and let u denote the solution of (P) of Theorem L1l Then the orbits of u are
compact in C(Q2) (with respect to uniform convergence on compact sets) and any
limit point is a solution of the elliptic equation (EJ).

In view of Theorem [[.4 we reach the following conclusion: if A < A* and if u(t)
converges for a sequence t; — oo, then the limit v = tlim u(tr) has to vanish

K —00
somewhere in 2. Thus there exists a point z¢p € € such that u(tg,z9) — 0 as
ty — oo. In other words, this means that “quenching” occurs at least in infinite
time. We strengthen this assertion, by proving that in fact “quenching” must
happen in finite time.

Theorem 1.6. Assume (1), (@) and that 0 < X\ < X*. Then every solution of
(D) vanishes in finite time, in the sense that the measure of the vanishing set is
{(,1) € 2 x (0,00) | u(x, t) = 0}] > 0.

Actually, what we will prove is that if the parabolic problem ([B) has a solution
that is positive a.e., then the elliptic problem (El) has a solution which is positive
a.e. There is a sort of converse of this result.

Theorem 1.7. Assume (I), (@) and suppose that the elliptic problem (E) has a
solution w which is positive a.e. Assume that the initial data ug € L>°(Q) satisfies
ug > w, ug Z w. Then the solution u of Theorem [Tl satisfies (P) in the sense of
B)-@) and there exists a continuous function c: (0,00) — (0,00) such that

u(t) > c(t)d Vvt € (0,00).

Note that we assume only that the initial condition ug > w and ug # w, and the
theorem allows us to conclude that u = lim u° satisfies (P)). This complements the

statement of Remark [[2]and is especiaﬁy ?flteresting in the case when the solution
w of (El) vanishes at some points but is positive a.e. We already mentioned that
examples of this situation exist (see [DM2]). By comparison u(t) > w, but this
inequality for itself does not prevent u(t) from “quenching” in finite time. The
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content of the previous theorem is precisely that «(t) does not vanish in finite time
(although it can “quench” in infinite time).

There is some parallel between Theorems and[[7 and the results of [BCMR],
in spite of the completely different kind of nonlinearities treated there. They con-
sider a semilinear parabolic equation with a smooth superlinear nonlinearity, and
study the relation between the existence of global solutions of the parabolic equation
and existence of “weak” solutions for the stationary problem.

So far we have always considered 0 < $ < 1 but the techniques applied before
permit us to claim that Theorem [[.7 is sharp with respect to £.

Corollary 1.8. Assume () and [@). If B > 1, there is no positive global classical
solution of (D).

Finally, we mention some results concerning the case of an initial data ug which
is positive in 2, and in fact we shall assume a stronger condition, namely

(10) ug > cd”,

where ¢ > 0, 1<1/<ﬁ;
is twofold. On one hand, we need to consider such ug when studying the asymptotic
behavior of solutions of (P). On the other hand, we do not know in general whether
the solution to (D)) is unique. However, uniqueness holds in a suitable class of
solutions which is related to condition (0.

We begin by observing that if ug satisfies ([[Q)), then the solution « of Theorem [L.]

stays positive for some time.
Lemma 1.9. Assume (@) and ). Let ug € L>®(Q) be such that ug > cd” for

somec>0andl <v< ﬁ Then the solution u of Theorem [T of (D)) satisfies
u(t) > 6 in (0, T) for some ¢’ >0 and T, both of which depend on ¢ and v.

see Remark [[L2. Our interest in these initial conditions

Solutions in an adequate class are unique.

Theorem 1.10. Assume (@), @) and up € L>(Q), and let ug > c6” for some
c>0andl<v< ﬁ Then (P) has at most one solution in the set
M={ue L*Qx(0,T)) : VI' € (0,T) there exists ¢ > 0
such that u(t) > c” for all t € (0,T")}.

We obtain the above result as an immediate consequence of the following com-
parison principle stated in terms of the heat semigroup S(¢) with zero Dirichlet
boundary condition.

Lemma 1.11. Under assumptions ([{) and @), let u, v € L>®(Q x (0,T)) be a
subsolution and a supersolution of (P) respectively, in the sense that they satisfy

X{u>019(1), X{v>019(v) € L'(Q % (0,T)) and

ult) < S(tyuo — / S(t — ) (Xugeys0y9(u(s)) ds £ € [0,

v(t) = S(t)vo —/O S(t —5)(Xqu(s)>039(v(s))) ds  t €[0,T].

Furthermore, assume that there exists ¢ > 0 and 1 < v < such that the

supersolution v satisfies

_2
14+

v(t) >¢d”  fort e (0,T).
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Then, if u(0) < v(0), we have
u(t) <wo(t) forte (0,T).

The main ingredient in the proof of Lemma [I.11]is a version of the smoothing
effect for the heat semigroup S(¢) with zero Dirichlet boundary condition, which
involves weights of the form 6™.

Proposition 1.12. For any m € [0,1] and t > 0 the mapping from L*(Q) — L*(Q)
given by ¢ — S(t)(6"™¢p) is continuous and, moreover,

(11) I1S(t) (67™0) L2y < Ct ™[l 2
for every ¢ € L?(Q), where C' depends only on 2 and m.

Finally, we mention works dealing with other questions in similar problems. For
example the blow up of u; at the time of quenching has been considered in various
situations; see [AK| [DL] and [CK|] when 8 > 1. There are results on the blow
up of Aw in one dimension in [FKT] and in higher dimensions for radial solutions
[EK?Z]. There are also some works in which the profile of the vanishing solution is
studied in the case of dimension 1 and for radial solutions in higher dimensions; see
IGul [FH! [FHQ)| [FK2, [FG].

The paper is organized as follows. In Sections[2 and [@ we obtain the necessary
estimates for the solution u® of (P)), which we apply in Section H in the proof of
Theorem [Tl That section contains also proofs for the statements of Remark
regarding a weakening of the hypothesis ug € C(€2). Then, before going into the
proof of Theorems and [[L7] in Section [ we present proofs for the results con-
cerning the case of an initial condition ug satisfying (I0): Lemmas [L9] [LTTl and
Proposition [[L.T2 In Section[Glwe prove Theorems [0, [[7] and Corollary [L8.

2. ESTIMATES IN SPACE FOR THE APPROXIMATE SOLUTION

Our first goal is to obtain a local estimate for our approximate solution u¢. The
result below is a weighted estimate of the gradient of u® in 2 where the weight
has the following properties:

2
(12) Y e C?*(Q), ¥ >0inQ, ¢ =0 on IQ and % is bounded in €.

Lemma 2.1. Let T' > 0 and ug € CH(Q) be such that ug > 0. Suppose that
ut € C3(Q x (0, T]) NCHQ x [0,T)) satisfies

(13) u; — Au® + g.(u®) =0 in Qx(0,7),
(14) Ww>0  inQx(0,T),
(15) u®(z,0) = ug(x) in Q.

Then there is a constant C; > 0 independent of € such that

P(2)|Vu (2, 1) 2 | Vol
1 < —_ Q,t T).
(16) @) P (@) = max Cl,sgp W 4 Ve e Q,te(0,T]

Cy depends only on Q, N, 3, 9, |[u®||r=@x01)), [ and f'.

Remark 2.2. One can in fact choose C independently of ¢; see Step 1 in Section Bl
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Proof. In the course of the proof we denote u = u®. Let
(17) Z(u)=u'""" +u

and consider the functions

_ [V _
(18) w = Z@)’ v = wi.

We will prove the estimate (I0) by contradiction, so we assume that (I0)) fails, i.e.,
that

1—

(19) sup v > max | Cp,sup 3
Q uy " Fug

Qx(0,T)

| Vg2 )

where €7 > 0 will be fixed later independently of e.
Note that v is continuous in § x [0,T], and therefore it attains its maximum at
some point (zg,t9) € Q x [0,7]. Thus, by (IJ)

2
(20) v(x0,t0) > max <C1, sup M) .
Q uy " Fug

Then zq € 2, because v = 0 on 9 and ¢o > 0 by 20). Hence

(21) Vv(xo,to) =0
and
(22) Av(xo,to) — ve(xo,t0) < 0.

Our aim is to compute Av — v; and evaluate at (zo,%9). As we shall see this
leads to the absurd Av(zg,to) — vi(zo,to) > 0 if one fixes Cy large enough. Let us
proceed with the computations:

Av — vy = YAw + 2VwVY + wAy — Ywy
(23) = P(Aw — wy) + wAY + 2VwV.

The derivatives of w are (where the convention of summation over repeated indices
is adopted)

_ 20;u0iu Z(u) — |Vul? Z' (u)dyu

(24) dw Z@)? ;
o 20,u8;(ut) Z(u) — |Vul2Z' (u)uy
e Z(u)?
and

2(0;5u)?Z (u) + 20ju 8;(Au) Z(u) — |Vul*Z" (u) — |Vu|*Z' (u)Au
Z(u)?

Aw = 87;1"[1) =

Z'(u) Ojud;w

27w
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Therefore,
Aw — wy
~2(0u) Z (u) + 20;u 0;(Au — wy) Z(u) — |[Vul*Z" (u) — [Vu|?>Z' (u)(Au — uy)
B Z(u)?
Z'(u)
- W&u&w,
and using equation (I3)) we obtain
(25)
2(05u)*Z (u) +2|Vul* Z(u)gl (u) — [Vul*Z" (u) — |[Vu[* Z'(u)g- (u)
Aw — w; =
Z(u)?
Z'(u)
-2 7 O;ud;w.

From now on all functions appearing in the expressions below are evaluated at
the point (xg,to) or just xg in the case of 1. Relation [ZI) provides

YVw +wViy =0

and hence )
VuwVy = —w%.
Substituting in (23),
2
(26) Av — vy —w(Aw—wt)—f—w(Ai/)—Q%).
Inserting (25) in (24]),
Av — v = P(Aw —wy) + w(Aw — 2%)
12005w)* Z(u) + 2|Vul?gl(u) Z(u) — |Vul|* Z" (u) — |[Vul2Z' (u)ge (u)
= | Z(0)?
Z'(u) [V|?
-2 drudyw] +w(Aw — 27)
which is equivalent to
(27)
Av—v, = % (20015 + 20 2 ()l (ww — 0 Z() 2" (ww? — g (u)Z' ()
/ [V
— 2z (u)aiuaiw} + w(Aw - 27).

Without loss of generality, we are going to assume that Vu(xg,to) is parallel to
the first coordinate axis. Then from (2I]) we have

(28) 81U($0,If0) =0.
By virtue of (24) we obtain the expression

o
wé‘lu

Ou = 1w(Z’(u)

2 Z (“))
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which, after substitution in (27), yields
(29)

Lol ol o (1)) 5 oy O
Av — v > m [Eww (Z (u)” + WZ(U) —2Z(w)Z (u)w81u>
+ 207 (u)gl(u)w — $Z(u) 2" (w)w? — Ypwge(u) Z' (u)
/ [Vo?
—29Z (u)(‘)lu@lw} (Aw —2— m )

Let us estimate some of the terms appearing in the above expression. From (28)
and ([I8) we obtain the relation

w&lw = —w@lw
and therefore

207" (u)Oyudiw = =27 (u)|Vu|wd

\Y
(30) < 2Z’(u)Z(u)1/21p1/2w3/2 sup Lbl'l/@

On the other hand,

1, (019)? s 1(01)?
W Do) Z(u)® = 3 0 Z(u)w
1 [Vy[?
(31) > 5 (sup =) 2w
We also have
O VYN L,
(32) —w?Z(w)Z'(u )M > (sup wl/Q) 2" (u) Z (u) Y 2p 1 2032,
The last term to estimate is
[Vy[? [Vy|?

(33) w(Aw—ZT> > —ws%p (Aw—Z m )

Combining 29) with BQ)—-(B3) we obtain at (xo, to),
3 Dv—ve > s [ (32/)? — Z)2" )
+w(202(u)gl(u) - Yg-() 7' (u) — KZ(u))
_ KZ/(U)Z(U)l/le/QMB/Q}’

where K > 0 is a constant.

As we said before, if v(xg,to) is large enough, then the right-hand side of (34))
must be positive, which would contradict (Z2)). For this purpose we need to establish
the following estimates uniformly for all 0 < € < 1:

(35) Z'(w)Z(w)"? < C(32' () = 2"(u) Z (w)),
(36) Z(u)lgt(u)] < C(32"(w)* = 2" (u) Z(w),
(37) Z'(u)ge(u) < C(32'(w)* = Z"(u)Z(u)),
(38) Z(u) < C(32'(u)* = 2" (u) Z(w),
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for all 0 < u < M where
M = |[uf|| Lo (@x(0.1))5
and C depends only on 3, M, f and f’.
Suppose for a moment that (35)-(B8) have been proved. Then inequality (34)
implies that

3Z'(w)? — 2" (w)Z(u)

Av — v > Z(0) (1/}11)2 — Clw+ 1/}1/211)3/2))
_ %Z’(u)QZ_(uZ);(u)Z(u) (UQ G+ v3/2)),

Thus if v(xg, tg) > C4 for some large C; independent of €, we obtain a contradiction

to (22).
We now turn to the proof of (3H)—(B8)). First note that () furnishes

L2 - 272 = S0 B 1) B B Pl )
(39)
> (1 0P + 1)
To verify (B5) observe that
(40) Z'(w)Z(u)? < Clu™" + 1) (/2 4 41/2)

<Cu 2P 41)

since the exponent —2( is smaller than all others appearing in (E0).
Now we proceed with (38). Observe that

g1l) = g — 1 )

Let us first deal with the case u < % Then

lgt(u)| < e P+ | I oan =P + C.

Therefore,
lg(u)|Z(u) < C(e™ P 4 0) (ul—ﬁ + u)
<ClEeP tue P+ urP )
<O +1)
<Ol +1)

where C depends on 3, M, f and f’.
In the case u > ¢/ we have
9£012(0) = | (5 + 10 ' )
< Clu™ P 4[|l 0,00) (' =7 + )
< Cu™? +1).
Inequality (1) is verified in the sequel
Z'(u)g-(u) < Clu™ + u P < Cu™? +1).
Finally (38) follows easily from the definitions. d
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Next we present a version of the previous lemma that allows the initial condition
to be ug € L>(Q), up > 0. First we need a technical result.

Lemma 2.3. Let ¢ € C*(Q)NC(Q), ¢ > 0 with ¢ = 0 on 0Q. Then
V(@) < C (1Dl gy min (1, D¢l 0))6()
+max (1,1 Dgll (o) 8(2) ) pla) Vo€ Q,
where C' > 0 is a constant depending only on  and §(x) is given by (@).

Proof. Pick a point € Q and suppose Vy(x) # 0. Define the vector e =
Vo(x)/|Ve(x)]. Then for 0 < ¢ < §(x)/2 we have

2
0 < ol — te) = pl) — 1| Vp()] + 5 D3p(E)e -,

where £ lies in the segment from x to x — te. Therefore,

1
(41) [V(z)| < Esﬁ(x) + ]| D%pl| o (o) -
We choose
. —1/2
(42) t = ad(x)"/p(x)"/? min (1, | De ;X5

where a > 0 depends only on €2 to be fixed next. Observe that in general

o(x)
sup —— < C||D oo
for some constant C' > 0 depending only on 2. Thus one can choose a depending
only on 2 so that

2 Y. -1 1
r 1D -
a sgp 5 min (1, 30||Loo(9)) <7
which implies
1
Our choice of a, (42) and ({I) yield the desired result. O

Lemma 2.4. Let ug € L>®(Q) with ug > 0. Let u® € L>(Q x (0,T")) denote the
solution of (PZ). Then there exists Co such that

(43)  |Vu(z, 8)[2 < Cotp(z) ™! (uf(x,t)l—ﬁ + %us(x,t)) Vo e Qte (0,T),

where 1 is as in (12), and Co depends only on T, Q, N, B, 1, [|[u®|| L~ (ax0,1)), |
f ’
Proof. For the sake of notation we write u = u®. First we consider the case ug €
C?H(€), 0 < u < 1, and ug = 0 on 0. Define

1
Z(u,t) =u'=F + TU
and Vul?
Vu
7—Z(u,t)’ v = wi.

The constant Cy will be fixed later. The function v is continuous in Q x [0, 7]
and since ug € C*#(Q) there is a constant C' such that [[u(-,)||¢2.q) < C for
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0 <t < T; see [LSU]. Notice that this constant may depend on ¢ and ug. Thus by
Lemma

v(z,t) < tw@ < tw% < C't,
for some constant C’ > 0. Hence, for a sufficiently small £; > 0 we obtain
(44) v(z,t) < Cy Yo e Q,te(0,t).
A contradiction is risen in the same manner as in Lemma 2] by assuming that
(45) sup v > Ch.
Qx(0,T)

By (@) and since v is continuous on Q x [0, 7], the supremum in (@3) is attained
at some point (zg,tg) € Q x [t1,T] and therefore Vu(xg,to) = 0 and Av(zg,tg) —
Ut(xo,to) § 0
We have the following expression for w,
20,u0;(ut) Z(u) — |[Vul? Zy, (u)ur — |Vul?Z (u)
Wy = ’
Z(u)?

where Z,, and Z; denote the partial derivatives of Z with respect to u and t. Thus,
at (zg,tp) obtain

(46) Av—v > % [wa(%Zu(u)Q — Z(u) Zuu(w))

+w(202(w)gl (1) — Yg-() Zu(u) - KZ(u))
— K Zy(u) Z(u)Y 2 2032 + Zppw)|,

where K is a constant that depends only on 1. We claim that the following in-
equalities hold

2,2'? <072 - Z,.2),
Zlg.| < C(322 = Zuu2),
Zuge < C(327 = ZunZ),

Z < C(32% = ZuuZ),
|Zt| < C(%Zi - ZuuZ)v

uniformly for all 0 <t < T,0<e<1land 0 <u < M, where M = |[ul| L x(0,1))
and C depends only on T, 3, M, f, f'. These inequalities together with (48l
produce the contradiction Av(zg,to) — vi(xo,to) > 0 if v(zg,to) > Co.

For the case ug € L>(Q2) we use an approximation scheme. Let ug be a sequence
in C2#(Q) of initial data with u} = 0 on dQ such that u) > 0, u — ug a.e. and

limsup [|u| <o) < luoll L= (o)-
j—o0
Let v’ be the solution of ([PZ) corresponding to the initial condition ué. Then ob-
serve that (@3) implies that for any t; > 0 and @' CC Q each element 4 (-, t)(1+5)/2
is uniformly Lipschitz in € for ¢ € (t1,T). Thus for a subsequence ji /" oo the
sequence u? converges and the limit is u, the solution of (). Passing to the limit
as j — oo in (HA3) we get the conclusion. O
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A direct consequence of the two previous lemmas is the following.

Corollary 2.5. Under the same hypotheses of Lemma[2.4] we have

1
IVl (2, 1))2 < cgw(x)—l(uf(x,t)l—ﬁ + muf(x,t)) Vo et e (0,T),

where C3 is a constant depending only on Q, N, B3, ¥, ||u®||L~x 1)), f, [’ but
is independent of T .

Proof. We first apply Lemma B4 and deduce that
1
(Vu(z, 1)) < Corp(z) ™ (u(a:,t)l—ﬁ + Zu(x,t)) Vo € Q,t € (0, min(1,T)).

To proceed further we assume that T > 1. The desired conclusion follows by
applying Lemma 2Tl with initial condition u(1). O

3. ESTIMATES IN TIME
In the sequel we establish regularity in time.

Lemma 3.1. Let ug € L>(Q2), up > 0 and let u® denote the solution of () with
initial condition ug. Then for any Q' CC Q and any 7 > 0 there exists C' > 0 such
that
[us (z,t)| < Cuf(x,t)™" Vo e Ve (r,T),
where C' depends only on 7, dist(2',09), ||u®||L~x0,1)), f, [, N, B.
If, moreover, ug € C*(Q), up > 0, then u® satisfies
(47) [ut (z,t)] < Cuf(x, )" Vo e, Vte (0,T),
where Q' CC Q.

Proof. We denote u® by u. We start with the interior estimate, assuming only that
ug € L>®(Q). Fix

(48) ro = min(1,dist(2,0Q),/7) >0 and L= sup u.
Qx1[0,7]

Let xg € ', tg € (1,T). We consider the rescaled and translated function, respec-
tively by r > 0 and zg, namely

(49) a(z,t) = r~“u(rz + xo, 7t + to),
where o = ﬁ and which satisfies
(50) Uy — AU+ 12" (ra) = 0
in the corresponding translated and scaled domain.
We fix
1 /u(0,0)\ 1/«
(51) "= §T0( L )
so that
(52) @(0,0) = 2%y “ L.

Observe that by the choice of rq, the function % is defined in By x [—1,0], is C*
and satisfies (B0) in By x (—1,0).
Our goal is to prove that
|@:(0,0)] < Ch.
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We first observe that
(53) |Va|> < Ca'l=? in By x (~1,0).
In fact, by Corollary [2.5] we know that
|Vaul|? < C(u' P +u) in B,(z0) x (to — 72, to),
so that
Va2 = r2722|Vu)? < Or2= 22 (w8 + )
< C(a' =P 4+ r?eq)
<Ccua'h.
We also remark that from (53]) we get
(54) Va(t9/2 < ¢ in By x (—1,0).

Let 1 be a smooth function on B such that ¢» > 0 in By, 1 = 0 on dB; and
|V4)|2 /4 is bounded in By, thus v is the function defined in the beginning of this
section with Bj instead of D.

We multiply equation (50) by @1 and integrate over By,

~ \2 __li ~12 _/ ~ ~ _ 272(11 o~
[ e =54 [ varo- [ avive—e g [ et
where .
Gs(u):/ ge(s)ds.
0
Hence
_ 1d _ 1 _ V|2 / _
2« 2@ 2 L 2 NG 2
/Bl(ut) vy [ i 1/)+2/Bl(ut) e e

d
2 2a 7 s~
r dt 5 GE(T U)W

and therefore

1 2 1d 12 _2 9.9, d .
Z <_-Z _ = )
2/31(Ut) P < 2/, |V LZJ+C/Bl |Va|* —r it I, G.(r*a)y

Integrating from ¢; € (—1,0) to 0 we obtain

/to /B (t1¢)*) dx dt

0
(55) g/ |Vi(ty)|? — |V11(0)|2da:+0/ / \Vi|? da dt
B1 t1 Bq
+2r272 [ G (r®a(ty)) dr — 2072 | G (r*a(0))y d.
Bl Bl
Recall that "
9e(u) = (wto)iis f(u)
and f(u) > 0 hence
ulfﬁ

—F(u) < Ge(u) <

—_

=®
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where F'(u fo . Since F(u) < Cu(l4wu) and r < 1, we have for all @ > 0,
7’272QF(7’O‘1~L) < Or a1 + r°a)
<C(1+a2).
Consequently,
al=p
—C(14a%) < r*22G. (r*a) < =5

Using the above inequality together with (G3]) we deduce from (B5) that

(56)
/:/Bl(at)% <C [1+/Bl a(tl)l_ﬁdx+/:/31 al—ﬂdxdu/& a(o)de} .

Now we need an estimate for @ in terms of the left-hand side of (G6l). Take
€ (-1/2,0). For z € By,

0
(e, 0) — iz, 1) = / iis(x, 5) ds.
t
Integrating over B,,, where r; = [t|/3N) | we have for some = € B,,
0
u(z,0) —u(z,t) = EN/ / U
™ Jt JB,
and by Schwarz’s inequality
o o Cie| [° i
(i(z.0) — (o0 < S5 [ ]2
o Jt JB,
taking 71 = [t|'/ ) we obtain
0 1/2
(57) li(z,t) — @(z,0)| < C|t|1/3(/ / (m)%p) :
t JB
Here we have used that 1 has a positive lower bound on the ball B,, for r; <

(1/2)1/GN) <1,
On the other hand, by (B4) for any y € By and t € (—1/2,0),

iy, t) < C(ly — 2" iz, 1)) < C(1 +a(z,1)).
Hence, combining this with (B1)) we obtain

58)  aly,t) §C<1+|t|1/3(/t0/3 (at)%)m), Wy € Bi,t € (—1/2,0).

In inequality (Bl we now take ¢; € (—1/2,0) and use (IESI) to get

B)/2
[ [ ez [
Bl Bl
(1-p)/2
+ / / |t|““”/3 / / (atw dxdt}
tl Bl t Bl
0

C[Hltll“ﬁ)/“* / / (m)%],

t1 B4
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by Young’s inequality. By choosing o > 0 small we see that for ¢; € (—o,0) there
is a constant C' independent of ¢; such that

[ forese

Now, using (1) combined with (52)) and (B4]) we conclude that there is p > 0 small
such that a(z,t) € [Cy/2,2Cy] where Cy = 2%r; “L for all z € B, and ¢ € (—p,0).
Thus
|ty —Aa| < C in B, x (—p,0)

and

|a] < C on B, x {—p} and 9B, x (—p,0)
together with standard parabolic estimates [LSU] imply that
(59) |a:(0,0)] < C1.

It remains to treat the case ug € C%() and show that u satisfies ([@7). The
argument is similar to the above one, except for the fact that now we use

ro = min(1,dist(Q",09))/4 > 0

in our rescaling procedure. Let r be given by formula (5I]) with this new definition
of rg. Let zp € Q' and ty > 0 and define @ as in (@), which now satisfies the
rescaled equation (67) in By x (—to/72,0).
Since ug € C?(Q2) applying Lemma 2.3 to uo multiplied by a suitable cutoff
function we see that
|VUO|2
sup —— < ©
D Uo
for any D CC Q.
Let D CC Q be a smooth subdomain such that By, (z¢9) C D. Then using
Lemma [ZT]in the domain D instead of {2 we conclude that

|Vaul|? < Cu'™? in By, (z0) x [0,T].
This implies
(60) |Val? < Ca't=® in By x (—to/r2,0).
The calculations we performed before still apply if we restrict ¢;. Thus, taking
t1 € (—to/r%,0), there is p > 0 sufficiently small and independent of £ such that

iy — Ad| < C  in B, x (—min(p, to/r?),0)
and
li| < C on 0B, x (—min(p,te/r?),0).

We shall consider two cases: if p < to/r?, then arguing as above, with the aid of
[B8), we deduce that |a(—p)| < C in B,. By standard parabolic estimates [LSUJ,
we deduce (£9), because 4 satisfies a parabolic equation where the initial condition
(—p) is given at a fixed time separation from 0 and is bounded in B,. In the
second alternative, p > to/r?, we see that we still obtain (5J) since, even though

the initial condition @(—to/r?) is specified at a time close to 0, we can estimate the
Holder semi-norm

(@(—to/r)]cnngs,y = sup 1T Tt/7) — iy, —to/77)|

<C,
z,yEB, |z — y[n
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where C' is independent of r if 4 > « — 1 (note that 0 < a —1 < 1). Since we
also know that |a(—to/r?)| < C in B, by standard Holder estimates for the heat
equation with initial condition in C**(B,), a — 1 < u < 1, we deduce (59). O

Combining Corollary and Lemma [3.3] we deduce

Corollary 3.2. If ug € L>®(), ug > 0, then for any 7 > 0 and ' CC Q there
exists C' such that

[uf (z,t) — uf(x,5)] < CJt —s|V/AFP) Vo e Q' Vi, s e (r,T)
and s

|Vus (x,t) — Vus(y,t)| < Cle —y|+8  Vz,y e U, Vte (1,T).
If, moreover, ug € C?(S2), then one can replace (1,T) with [0,T) in the estimates
above. The constant C' depends only on 2, N, 3, ||[u®|| Lo (ax 0,1y, [, [

Proof. The Holder estimate in time follows immediately from Lemma Bl
Let 7 > 0 and ' cC Q and let u denote u®. Fix zg, yo € Q' and t5 > 7. We
consider now the following cases.

Case a) Suppose that
(61) w0 — yo| < @ max (u(xo, o)™, u(yo, to)"/*),

where 6 > 0 will be fixed independently of . Then, without loss of generality, we
assume that

(62) |20 — yo| < Ou(wo, to) /.

Define 7o, r and @ as in Lemma [31] (see (48), (@9) and (EI) ). It was shown in that
lemma that
|ay —Aa| < C in B, x (—p,0)
and
|a] <C on B, x {—p} and 9B, x (—p,0),
where C' and p > 0 are independent of €. By parabolic estimates [LSU] we deduce
that Va is C* in the variable z for any 0 < p < 1in B,/5 x (—p/2,0). Now we
fix 0 = 1prgL=1/* where L = SUPqy[o,7) 4- This ensures that if (62) holds, then
1-8

(Yo — x0)/7r € B,s. Thus, using pu = 175 we get

IVa(0,0) — Va((yo — x0)/r,0)| < C(lyo — xol/r)",
and using the definition of
7"1_"|Vu(x0,t0) — Vu(yo, to)| < Cr*|yo — xo|”.

Recalling that a — 1 = % = u we obtain the estimate

[Vu(zo, to) — Vu(yo, to)] < Clyo — 0| 777
Case b) If (GI) fails, then
[Vu(zo, to) — Vu(yo, to)| < [Vu(zo, to)| + [Vu(yo, to)]
< C(u(zo, o) ™72 + ufyo, to)=7/?)
< Clzo — y0|}%§§,

where we have used the estimate |Vu| < Cu*~#)/2 which follows from Corollary 25l
(I
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4. EXISTENCE OF A SOLUTION

In this section we justify the passage to the limit u* — w as ¢ — 0, proving
Theorem[IT.1l Throughout this section we assume that 7" is finite. The existence of
a solution defined for all ¢ is obtained by applying Theorem [IT.] for all T > 0 and
then letting T' — oo.

We also provide arguments for the claims presented in Remark [T.2l

Step 1. First let us observe that to apply Corollary B.21and get estimates that are
independent of ¢ it is first necessary to show that

sup max u° < oo.
e>0 Qx[0,7T]

This follows by observing that the solution u to
—Au=f(a) inQx(0,T),
u=0 on 90 x (0,T),
a(z,0) = uo(x) z €

is a supersolution of ([P]) for any € > 0.
Therefore by Corollary B2l u = lim._,ou® exists and is C*/(+5) in time and

CLTF5 in space on any ' x (7,7T) such that ' CcC Q and 7 > 0.
Step 2. Let us show that

(63) X{u>0}g(u) € LI(Q X [OvT])

Observe first that by the previous step f(u®) remains bounded in L*>(Q x (0,7)),
thus it suffices to verify that

X{u>0}u_6 € L'(Q x [0,T)).
Recall that u® satisfies
(64) u; — Aue + g.(u®) =0 in Qx (0,7).
Integrating over Q x (0,7) and using the definition of g. (&) we see that

ST N r——

where n is the unit exterior normal vector to the boundary. But %in < 0 and hence

with C independent of . Using Fatou’s lemma we conclude that (G3) holds.

Step 3. If ug € C(2), ug > 0, then w is continuous in € x [0, 7). The proof of this
claim follows the same steps as in the proof of Theorem 1 in [P], approximating wug
from above and from below by initial conditions in C?(€2).

Step 4. To show that u is a solution of (P)) in the sense of definition ()-@) it is
enough to verify that for all ¢ € C§°(2 x [0,T")) (that is, ¢ is smooth and vanishes
away from T and away from 0f2) we have

(65) / wop + / / VuV — wpr + Xqusopg(u) = 0.
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For this observe that |Vu| € L?(2 x (0,T)). Indeed, multiplying equation (64)
by u® and integrating in Q x (0,7T) we deduce that

/OT/Q|V’LLE|2 //ge Ju® + = /uo—u()QgC

with C independent of e. Therefore (65) makes sense and clearly implies (H).

Step 5. If ug € C(2), up > 0, then u is a solution of ([(B). Let ¢ € C§°(Q2 x [0,T))
and let 7 : R — R be a smooth function such that 0 < n(s) <1 for all s, n(s) =0
for s < 1/2 and n(s) = 1 for s > 1. For m > 0 we multiply equation (64) by
©n(u®/m) and integrate on Q x (7, T) where 7 > 0,

(66) | = a0+ g pentu m) 0.

Note that
/TT/QQE(“EW”(UE/W)Z[TLX{u>0}ge(u5)¢n(u5/m)

if m > 0 is fixed and € > 0 is small enough. Therefore, by Step 2 we can apply
dominated convergence and conclude that

T T
7}390611{%/7 /Qgs(ui)wn(us/m)Z/T /QX{u>0}9(“)%0

Let us consider the first term in (GG])

/TT/Quisﬁﬂ(us/m)__/QUE(T)SO(T)U(UE(T)/T”)—/TT/Quegom(uE/m)
- %/j/ﬂueson’(ue/m)ut

There is no problem in passing to the limit with the first two terms on the right-hand
side of the above inequality. On the other hand, we claim that

(67) hm lim sup —/ /u on' (uf/m)u

m—0 -0

In fact, let Q' CC Q2 be such that ¢ =0 in @\ Q' x (0,7). Then by Lemma Bl

1 T C T
A [ e pmyai] < swplelsup o] [ [ xocuscmpul]
mitJ- Q m T Q

c (T )
<= . S8,
< m/T /Q X{o<us <m} ()

Hence, letting € — 0,

hms(l)lp—‘/ /u on' (uf/m)uf| < / / X{0<u<m}u
< C/ /Q X{O<u§m}u_6

Since u~? is integrable, by dominated convergence the right-hand side of the in-
equality above tends to zero as m — 0.
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Next we consider the term

-/ ' [ st m) = [ ' [t mvievos - [ ' [ v fm).

Again, the first term on the right-hand side above behaves well as ¢ — 0 and then
m — 0, while for the second we claim that

o iy mean| 2 [7 [ g =

m—0 ¢ 0

To prove this we apply Corollary 2.5

L[ [ ervapasm|<c [ (u)t
m 2 nu/m) = X{0o<us<m} U
T Q T Q

and therefore

hms(t)lp—‘/ /<p|Vu 11 (u€ /m) <C/ / X{0<u<m}t 7

which again tends to zero when m — 0.
Therefore, taking € — 0 and then m — 0 in (G6]), and using (@7) and (G8) we get

T
(69) —/ U(T)s0+/ / VuVeo — ups + X{us019(u) = 0.
Q T Q

Finally we let 7 — 0 and use dominated convergence (we know that x(,~039(u) €
LY(2 x (0,T))) and the fact that u is continuous at ¢ = 0 to prove that (63)
holds. g

Proof of Remark[L3. We will finish this section by proving the claims made in
Remark [[L2] which we recall: if one of the following conditions hold,

i) wo satisfies ug > ¢6” for some ¢ >0 and 1 < v < or

et 4
ii) there exists a sequence (u) in C(Q) such that 0 < u)) < up and u? — ug
a.e.,

then the limit v = 1ir% u® is a solution of ([B)), that is, it satisfies (B)—(@l).

e—
In order to accomplish this we first observe that the proof of Step 5 above
immediately yields

T
@ [uneerde+ [ [ o+ Ao - xpsaguedsdt =0

for every 7 > 0 and all ¢ € C%(Q x [0, 7)) with ¢ = 0 on 9Q x (0,T) and ¢(T) =0
in Q as claimed in Remark [[2.

Let p € C§°(2) and let 0 < 7 < T'. Then multiplying ([P) by ¢ and integrating
by parts we have

(71) /Qu(T)godx—/Qu(T)godx—/TT/QAapu—X{u>0}g(u)gadxdt.

Since X{us039(u) € L) we can take 7 \, 0 above and we conclude that u(r)
is weakly convergent in LP(Q2) for any 1 < p < oo (recall that u(7) is bounded in
L>(9)). Let us write the weak limit as 4o, that is, u(7) — 4¢ weakly in LP(2),
where Gy € L>®(Q), tp > 0.
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Now let ¢ € C%(Q x [0,T]) with ¢ = 0 on 9Q x (0,T) and ¢(T) = 0 in 2, and
take 7\, 0 in ([GJ). We conclude that

T
/ top(0) dx + / / (0t + Ap)u — X {u>019(uw)p dr dt = 0.
Q 0 Q

This shows that u satisfies a problem similar to (P), where the only difference is
that the initial condition is now g instead of wug.
We claim that

(72) tig <ug  a.e. in Q.
Indeed, let ¢ € C§°(€2), ¢ > 0. On one hand we have, by letting 7\, 0 in (1),

T
(73) /ﬁogadx:/u(T)godx—/ /Aapu—x{u>0}g(u)gpdxdt.
Q Q 0o Jo

On the other hand, multiplying by ¢ and integrating over [0, 7] we get

T
/uoapdx:/uE(T)gadx—/ /Agoue—gg(ue)godxdt.
Q Q 0o Jo

By Fatou’s lemma we deduce

T
(74) /uogade/u(T)godx—/ /Aapu—x{u>0}g(u)gpdxdt.
Q Q 0o Jo

Combining (73) and ([74) we conclude (72).
Let us proceed first assuming that i) holds. Then by Lemma [C3 we see that

there are ¢/ > 0 and ¢ > 0 independent of € such that
(75) u(t) > 6" Vvt e (0,1).

Let o € C°(Q x [0,T]) with o =0 on Q x {T} U x [0,T] and let 0 < 7 < .
Then integrating (PZ) in © x [0, 7] we find

[uap)de+ [ [ o+ o — g )pdedr =0,
Q 0 Q

Thanks to ([A) we can pass to the limit as ¢ — 0 in the previous relation. This
shows that ug = g in this case and therefore u is a solution of (B]).

Now suppose that ii) holds, that is, there is a sequence (u}) C C(2) such that
0< ué < up and ué — up a.e.. We keep the notation u¢ for the solution of (FZ) with
initial condition ug, and let u7 denote the solution of (P) with initial condition
ué. By comparison (which is possible because the nonlinearity in is smooth)
uSI(t) < wf(t) for all t > 0. First let ¢ — 0 and then j — oo to conclude that
ug < 4o a.e. in ), so that with (72) we get the equality @9 = uo a.e. in Q. O

5. SOLUTIONS WITH POSITIVE INITIAL DATA

Proof of Lemmal[l9 We will find a positive subsolution u, more precisely, a func-
tion u satisfying
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2
48"
Then u is also a subsolution of ([FZ) for any £ > 0, and by comparison the solution

u® of ([P)) satisfies u(t) > wu(t) for all t € (0,T). Thus, when we let ¢ — 0 we
discover u(t) > u(t) for all ¢ € (0, 7).

We take u of the form u = ep¥e™4* and T = 105’;2, where 1 is the first positive
eigenfunction of the Laplacian with Dirichlet boundary condition. We take ¢ > 0
small so that u(0) = e¢} < ug. The constant A will be chosen later. Since

whenever the initial condition satisfies ug > ¢d” for some ¢ > 0 and 1 < v <

AT = 2%, we get,
up—Au+ u—lﬁ =—dee” Mot e avp{ — (v = 1) 2|V ) + e et
< S Aep + Xt + (2 — Senl — T )
< (—3 A+ v )egt + o (27 = Zenl = DV ),
Let Q, = {z € Q : dist(z,9Q) < o}. We can choose o > 0 small enough so that
2P — %61/(1/ — D2V <0 on Q,

because the exponent of @1 is v — 2+ v3 < 0 (since v < ﬁ)
Then choose A large enough so that

1
(—§A+)\1y)eg0’f+2apl_”ﬁe’ﬁ <0 onQ-—9Q,. O

Proof of Proposition [LT4. We just need to verify the property for smooth functions,
the conclusion follows by density. First let us recall Hardy’s inequality: there exists
C = C(Q) such that

2
(76) /Q% de < C/Q Vel2de Ve e C3o(Q).

For ¢, ¢ € C§°(§2) we have

/Q St (0" ™)p = /Q Yo" S(t)g
< (/Q5‘2m(5(t)s0)2)mllwllwm

m/2
<([osmer) IOl o,
Observe now that S(t)p € HE(Q) and therefore we can apply (76):
| 8016 0)e < ISRl @ 1l

and by the smoothing effect of the heat semigroup S(t) from L?(Q) to H}(Q) we
find that

As(t)(5_m¢)¢ < OIS0l 2@) ™ 1Sl L2ty I 22

= Ct™2|SM) ¢l L2 ¢ L2 (@)
which yields the desired result. O
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The following singular version of the Gronwall inequality (see [BC]), will be used
in the proof of Lemma [[.TT] and Theorem

Lemma 5.1. Let T >0, A>0,0<a,b<1 and let f be a nonnegative function
with f € LP(0,T) for some p > 1 such that p’ max(a,b) < 1, where 1 = % + 1%‘
Consider a nonnegative function ¢ € L*°(0,T) such that

t
p(t) <At + / (t —5)7Cf(s)p(s)ds,  for almost all t € [0,T).
0
Then there exists C, depending only on T, a, b, p and ||f||ze such that
p(t) < ACt™¢
for almost all t € [0,T].

Proof of LemmalIl. 11l Step 1. First let us prove that u(t) < v(¢) for t € [0,7]
under the additional assumption that v > 0 a.e. in © x (0,7"). Then

u(t) < S(t)ug — /0 S(t—s)(g(u(s)))ds tel0,T],
and .
v(t) > S(t)vo — /0 S(t—s)(g(v(s)))ds te][0,T].

Let A > 0. Observe that the previous relations imply that

eAtu(t) < S(t)uo + /0 S(t— s)(eAS(Au(s) —g(u(s))))ds
and .
eAtv(t) < S(t)vo +/0 St — s)(eAS(Av(s) —g(v(s))))ds.

Let w = u — v, so that w satisfies

t

(77) eMu(t) < / S(t = s)(e™*(Aw(s) + g(v(s)) — g(u(s)))ds.
0

By convexity of the function u — u~? we obtain the estimate

9(v) = g(w) =077 —u™ — f(v) + f(u) < Bo™ P (u—v) + klu—v|

for a large constant k& > 0.
Using the lower bound v(s) > ¢ we thus obtain

9(v(s)) = g(u(s)) < CO~"HHDw* (s) + kfw(s)|

so that
9(v(s)) = g(u(s)) + Aw(s) < C5"IHDw*(s)
if one chooses A large enough. Combining with (77) we see that

t
Ao(t) < C / St — 8)(eAT5 1+t (5))ds.
0
Since the right-hand side is a nonnegative function, we also obtain

t
et (t) < c/ S(t — s)(e* 67Dyt (s))ds.
0
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Let v = v(1 4 ) — 1 so that 0 < v < 1. Multiplying the previous relation by §~7
and computing the L? norm of the resulting functions we get

t
(78)  eAMeTwt () < C / 1678t — 8)(6~ Dt (5))]| p2eAnds.
0

Let ¢ = S(t — 5)(6 *0 P w(s)). By Holder’s inequality

it = [ i< ([ 5) ()
and by Hardy’s inequality (Z6)
1677l < CIVEIRa Iz
By the smoothing effect of the heat semigroup
IV9llze = VSt = 5)(6 0w (s))]| 2

< Ot = 5) VS ()t ()] o
so that
6798t — s)(5 w2 < Ot — )2t ()] o
Substituting in (Z8) we find that
A5t Ol < C [ (¢ - ) eSS 650 o) o i,
and by Lemma [T.T2
A Ol <€ [ (0 A 5 .

Observe that v/2 +1/2 < 1. By Lemma [5.]
AT wt (t)]| 2 =0 te0,T]
which is the desired conclusion.

Step 2. We proceed now with the general case. Let z be the solution to ([B) with
z(0) = v(0) > ¢6¥. By Lemma [[L9 there is a constant ¢ > 0 and 0 < ¢t; < T such
that z(t) > /0¥ for t € [0,¢;]. We claim that z(t) > u(t) for t € [0,T]. In fact, let
ze be the solution of ([F) with 2¢(0) = 2(0) = v(0). Since w is the subsolution of
(P), it is also a subsolution to (PJ). We obtain u(t) < 2°(¢) for every t € [0,T],
since u(0) < 2°(0). Letting € — 0 we obtain u(t) < z(t) for ¢ € [0, T]. On the other
hand, Step 1 applied with z instead of u implies that z(t) < v(t) for ¢ € [0, 4], since
v(0) = 2(0). Therefore, u(t) < v(t) for ¢ € [0,t1]. Repeating the previous reasoning
in [¢,2t] we obtain u(t) < v(t) for every t € [0,2¢1]. By induction we obtain the
conclusion. g

6. ASYMPTOTIC BEHAVIOR: POSITIVE VERSUS VANISHING SOLUTIONS

Proof of Theorem We denote by (El\.) the problem (E)) with parameter A+¢&
(instead of \). We are going to prove that for every € > 0 problem (E}.) has a
solution which is positive a.e.
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Suppose that (P) has a solution u which is positive a.e. in € x (0, 0).

Step 1. We define by (Pl4.) to be the parabolic problem ([F)) with g(u) replaced
by —uP 4+ (A+¢)f(u). The problem (P, .) has a global positive solution () which
is nonincreasing in ¢.

Let ¢ be the solution of

G—AC=flute() inQx(0,00),

(=0 on 99 x (0, 00),
¢(0)=0 in Q.
Then u + ¢ satisfies
(14 Q)0 = Alu+20) = =5+ A(W) +f(u+20) €~z + (A2 <0)

and therefore it is a positive subsolution of
uw—Au=g(u) inQx(0,T),

(79) u(z,t) =0 on 9Q x (0,T),

u(z,0) =wup(x) in Q,
where

glu) = —u™" + (A +2) f(u).
Remark that ((t) > c(t)d (see [BCMRJ), where ¢ : (0,00) — (0,00) can be taken
to be continuous. By shifting time, we can assume that infc g 7y c(t) > 0 for any
T>0.

Take %y a supersolution of (El\;.) (which is also a supersolution of ([9)) such
that o > u(0). Then the initial boundary value problem (79) has a global solution
u such that u(t) +e¢ < u(t) < .

We prove now that u%(t) is nonincreasing in ¢. Indeed, fix T' > 0, let A > 0 and
set v(t) = u(t + h) — u(t). Then v satisfies

o(t) = / S(t — 5)(g(a(s + b)) — g(a(s))) ds
§/0 S(t—s)(c(s)v(s)) ds

where

(s) = Wﬁ?;fg; u(( )( ) < sy < 051

for some constant C' > 0, because u(s) > ¢d for all s € [0, T]. Then, as in the proof
of Lemma [[LTT], we get

1520+ ()12 < © / 16725t — )55 (5)) 12 ds
<c/ 2SS0 () ge ds
<c / (t — 5)~G+V/2)| 5Byt (5) | 2 ds.

Since @ < 1 by the singular Gronwall Lemma [5.1] we conclude that v () < 0

for all ¢ E [0,T]. But T > 0 was arbitrary so that v*(t) <0 for all ¢ > 0.
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Step 2. By the previous step the limit u(t) — w as t — oo exists, we claim that w
is a solution of (El\.).
Integrating (@) on Q x (¢,t + 1) we find

t+1 t+1
/( (t+1)—u(t da:—l—/ / Y P drds < ( /\—I-a/ /f ) dx ds,

thus -
/ u(t) P dx < ( )\+6/ /f dxds—i—/ﬂ(t)dng,
Q

where C' is independent of ¢. This shows that u(t)~” is bounded in L!(f2), and
since it is monotone increasing, it converges to w™? as t — oo and w=? € LY(Q).

Take ¢ € C%(Q) with ¢ = 0 on 9. Then integrating (T9) on Q x (t,t + 1) we
find

/Q(ﬂ(t—i—l)—ﬂ(t))ga-i—/ttﬂ/ﬂﬂ(s (—Ap) dxds—/tﬂ/ s))e dx ds.

Letting ¢t — oo we deduce that w is a solution of (El\.). O

Proof of Theorem [1.7, Observe that w is a subsolution of (P]) and therefore u®(t) >
w for all £ > 0. We will use this to show that v = lim._,¢ u® solves (P) in the sense
of B)~). The reason is that we have an upper bound on g.(u®) and we can use
dominated convergence to pass to the limit. In fact, let p € C?(Q x [0,T]) with

S0|8Q><(O,T) = 07 SD|Q><{T} = 0. Then

T
/ uopp(0) dx +/ /(apt + Ap)u® — g-(u¥)pdxdt = 0.
Q 0o Ja

Since uf(t) > w > 0 a.e., we have |g-(u®)| < w™? + f(w) € L}(Q). So in fact we
can apply dominated convergence and deduce that

/QUOSD(U) dx + /OT /Q(% +Ap)u — g(u)pdxdt = 0.

The lower bound wu(t) > ¢(t)d for all ¢ > 0, where ¢ : (0,00) — (0, 00) is continuous
follows from the fact that v(t) = w + z(¢) is a subsolution of (P)) where z =
S(t)(up — w), i.e. the solution of

2z = Az in © x (0, 00),

z=0 on 09 x (0,00),

z2(0) =ug—w in Q.
In fact,
—Av+g(v) = Aw+g(w+2) = g(w + 2) — g(w) <0,

because g is nonincreasing.

Finally, recall that since ug # w, we have z(t) > c(t)d (this is standard, see
[BCMR]). O

Proof of Corollary[L8 Let 8 > 1, and for the sake of contradiction assume that
there is a global positive solution u of ([P).
Let Y be the solution to
—-AY =1 inQ,
{ Y =0 ondf.
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Then observe that u(t) < KY for some constant K independent of ¢, because for

large K, u = KY is a supersolution of (P), and one can argue as in Lemma [Tl
Set v(t) = u(t)/ K, so that 0 < v(t) < 1 and satisfies

1 1 ~ .
vt_Av+Wv_ﬁ = Af(v) in Q x (0,00),
v = 0 on 99 x (0, 00),

where f(v) = %f(Kv). Therefore, for any 0 < 1 < 1 v is a positive global
subsolution of

1 1 ~
K48 gfi Af(u)
u=0 on 99 x (0,00),
u(0) =C4 in

ur — Au + in Q x (0, 00),

(80)

where C' > 0 is fixed large enough. Hence (B0) has a global positive solution, and
by Theorem [[f the elliptic problem
1 1

(81) —Aw + K18 wbt = A(w) in Q,

w = 0 on 0N

has a solution w which is positive a.e. and such that w < C'¢ with C independent
of B1. But this is impossible, because

(s2) /Q w <A /Q ) <c,

and C' is independent of 8;. This is obtained, formally, by integrating (&I]) over 2,
but a rigorous argument can be found in [DMT]. Letting 8; " 1 in ([82)) we reach
a contradiction. O
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